In 2013, Balasubramanian presented a 5 + 1 dimensional holographic toy model that allows for an exact solution to Einstein's equations in the bulk in which the isometries of AdS 5 appear to be broken to an isometry group describing a discretely scale invariant and Poincaré invariant setup [1] . In this paper, we investigate this solution in more detail. By analytically solving the Killing equations, we prove that the full AdS 5 isometry group is still present, although in a somewhat hidden way. We will also comment on the prospects of finding other holographic bottom up toy models which allow for solutions with discrete scale invariance or scale invariance without conformal invariance in the future.
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to hold for any λ ∈ R + and some µ(λ) = λ α with critical exponent α ∈ R. We say that a system exhibits discrete scale invariance (DSI) if the equation
only holds for a specific scale λ 0 ∈ R + and the related scales λ m 0 , m ∈ Z. Equation (2) can be solved by O DSI (x) ∝ x α , α = − log µ log λ 0 + i 2πn log λ 0 , n ∈ Z.
The hallmark signatures of DSI are hence complex critical exponents such as α in (3) for n = 0 and, because of
the appearance of log-periodic oscillations of observables. This type of symmetry, respectively the associated signatures, can be exhibited by a variety of systems such as fractals (for example the famous Koch curve or the triadic Cantor set) [2] , stock markets [2] [3] [4] , earthquakes [2, [5] [6] [7] , black hole formation [8] [9] [10] [11] , black hole/black string phase transitions [12, 13] , the Efimov effect [14] , QFT toy models [15] , quantum gravity [16] , condensed matter models [17, 18] and even holographic AdS/CMT models [19] [20] [21] [22] [23] . See [2] for a general review. In the context of renormalisation group (RG) flows, DSI means that instead of a fixed point, the system under investigation exhibits cyclic RG behaviour [24] [25] [26] [27] [28] [29] .
In the last years, holography or the AdS/CFT-correspondence has proven to be an extremely useful tool to gain insight into many topics of quantum field theory (see e.g. [32] ), and in order to learn more about discrete scale invariance, it might be useful to construct holographic models which exhibit this type of symmetry. As already mentioned above, there are a few holographic models [19] [20] [21] [22] [23] in which log-periodic oscillations of certain variables are known to occur. In the models [19] [20] [21] , however, these log-periodic oscillations did not occur on a spacetime axis, but instead as a function of a frequency or temperature. In [22] , log-periodic oscillations of certain observables where observed as a function of time, but only after a local quench when the system was momentarily out of equilibrium. The model of [23] exhibited Lifshitz-scaling, i.e. anisotropic scaling between space and time.
So in order to study Poincaré-and discretely scale invariant systems holographically, it may be better to build a corresponding toy model from scratch by breaking the scale invariance encoded in the isometry group of AdS down to discrete scale invariance:
where f (w) = const. is a periodic function in w. However, as pointed out in [1] , the holographic c-theorem [33] provides a simple argument that the symmetry breaking (5) can only be possible when the null energy condition (NEC) 3 is violated. The reasoning behind this argument is that the c-theorem of [33] is based on the result that in a domain-wall ansatz of the form
the NEC implies A (w) ≤ 0, ruling out any periodic behaviour in (5) [1] . As suggested in [1] , it might be possible, however, to circumvent this apparent no-go theorem by adding one or multiple warped extra dimensions to the domain-wall ansatz of (6) . For the simplest case of one extra compact dimension, the new ansatz then takes the form
with the functions A(w, θ), B(w, θ) and C(w, θ) being periodic in w and θ. In [1] , both a top-down and a bottom-up model where presented in which an exact solution to Einstein's equations takes a form similar to (7) while satisfying the NEC. 4 One may wonder whether a physical dual field theory, described holographically by such a gravitational system and, as a consequence of DSI, exhibiting a cyclic RG flow behaviour, can exist in the light of field theory results such as the c-theorem for two dimensional field theories [40] or the a-theorem for four dimensional field theories [41] (see also [30] ). In [1] , it was argued that the existence of a four dimensional dual theory would not violate the a-theorem if this theory does not flow from a UV fixed point perturbed by a marginal or relevant operator, i.e. if its ostensible UV-completion is 3 This condition posits that T µν k µ k ν ≥ 0 where T µν is the energy-momentum tensor and k ν is any null-vector field. Assuming the validity of Einstein's equations, this implies R µν k µ k ν ≥ 0 where R µν is the Ricci tensor. See [34] for a review on energy conditions. 4 See [35] [36] [37] [38] [39] for other holographic models of discrete scale invariance in which, however, "a strong form of the NEC" is violated.
not a four dimensional CFT, but for example a higher dimensional, non-Lorentz invariant, or lattice theory. See [1] for further discussion of this point. On the other hand, if it where possible to show on the field theory side that such theories cannot exist under any circumstance, the existence of a holographic model would, by the logic of [35] , indicate that this bulk model falls into the "forbidden landscape" of holography. Hence, this topic warrants further investigation in any case.
In section 2, we will summarise the bottom-up model of [1] and its solution exhibiting discrete scale invariance. In section 3 we will analytically solve the Killing equation on this background, and show that there are 15 linearly independent Killing vector fields which form a full conformal algebra. This proves that the bottom-up solution found in [1] retains the full isometry group of AdS 5 in a hidden way, as was already suspected in [39] . We will discuss this result and give conclusions in section 4.
A holographic bottom up model for discrete scale invariance
The bottom-up model studied in [1] is based on the idea of coupling Einstein-Hilbert gravity in 5 + 1 dimensions to an axion-like scalar field χ:
The cosmological constant term is absorbed in the definition of the scalar potential, which reads
Clearly, the field values of χ are identified with a periodicity χ ∼ χ + 2π √ 2. The action (8) implies Einstein's equations
to hold, as well as the equation of motion of the scalar field. It is noteworthy that because of the specific form that the energy-momentum tensor T µν takes on the right-hand-side of (10), any metric g µν that solves (10) for any χ and V (χ) automatically satisfies the NEC.
In [1] , it was shown that for the model (8), the ansatz (7) of combining a 4 + 1 dimensional domain-wall spacetime and a circular extra dimension (θ ∼ θ + 2π) in a warped way leads to a solution to the equations of motion of the form
.., B(w,θ)=..., A(w,θ)=...
(11)
5 We include a factor 1/2 which, in our opinion, is missing in [1] .
with the functions
and the scalar field
In equations (12)- (15) the function am is the Jacobi amplitude, while sn, cn, dn in (12)- (14) are Jacobi elliptic functions 6 . These elliptic functions depend on two variables, and are periodic in the first variable,
with a period 7 P(α) that is given by 4 times the complete elliptic integral of the first kind,
A few comments about the solution (11) are in order: Firstly, due to the periodic identifications of both θ and χ, we need to enforce the condition
This leads to a quantisation condition on N a , and hence the axion flux. Secondly, in order to ensure the negativity of the Ricci scalar R everywhere in the spacetime, we have to demand 0 ≤ α < 2/3. Thirdly, in the special case α = 0, dn(x, 0) = 1. This means that the oscillating behaviour of the spacetime (visible e.g. on the Ricci scalar) stops in this limit, and we expect the full isometry group of AdS 5 to be present. Also, the θ-dependence of the metric drops out, leading to an additional Killing vector ∂ θ . See [1] for a further discussion. Fourthly, the metric (11) has a vanishing Weyl tensor for any α, which may already hint at the fact that these solutions posses more symmetry than expected. We will proceed to investigate this in more detail in the next section. 6 Here we use the same conventions as in Mathematica, i.e. sn x, α 2 =JacobiSN[x, α 2 ] for example. Also, note that (12) can be simplified using the identity sin (am(x, m) + am(y, m)) = sn(x, m)cn(y, m) + sn(y, m)cn(x, m). 7 Of course, this period could be absorbed in a redefinition of the factors N a and h in (12)- (15) . This would however introduce an extra prefactor in (13) which is missing in [1] .
Killing fields and hidden symmetries
The isometry group of a spacetime metric is encoded in its Killing vector fields and their Lie-bracket algebra. A Killing field K µ is a vector field that satisfies the Killing equation
which, on an n-dimensional spacetime, can at most have n(n + 1)/2 linearly independent solutions. The Lie-bracket
of two Killing fields K 1 , K 2 will itself be a Killing field.
It is easy to show that metrics of the form (6) and (7) will retain the full set of Killing vectors of the Minkowski space ds
For a 3 + 1 dimensional Minkowski space, this leads to 10 Killing fields forming a Poincaré algebra. 4 + 1-dimensional AdS space (5) possesses 5 additional Killing fields that extend the Poincaré algebra to a conformal algebra, which takes the form [42] [
Here, the Latin indices run from 0 to 3 and serve to label Killing fields, e.g. M 01 is one Killing field that can be written as a vector with five components M µ 01 . In [1] it was claimed that the metrics (7) and (11) holographically describe a system in which conformal invariance (which includes continuous scale invariance) is broken down to Poincaré invariance in addition to discrete scale invariance. However, in [39] the suspicion was raised that the spacetime (11) may still admit the full algebra (23)- (28) of Killing fields in a somewhat hidden way.
How can we settle this question? The general ansatz for a Killing field in a 5 + 1 dimensional spacetime would be a vector field with six components which each might depend on all six coordinates. The Killing equations (21) would then lead to a set of coupled partial differential equations which in general will be prohibitively complicated and not allow for an easy solution. However, there are a few tricks that we can employ to try and solve the Killing equation analytically on the backgrounds (7) and (11) .
First of all, in [44] [45] [46] , a very useful algorithm was presented which can be used to place a (non-trivial) upper-bound on the number of Killing fields of a given spacetime. For AdS 5 , this algorithm yields the bound of 15, which is expected as AdS is a maximally symmetric spacetime. For the metric (7) with general functions 9 A(w, θ), B(w, θ) and C(w, θ), the upper bound yielded is 10, confirming that this type of ansatz can break the conformal algebra of continuous isometries down to the Poincaré algebra. For the metric (11) and the choice α = 0, we obtain a bound of 16, which is the expected result as explained at the end of section 2. An interesting thing happens for the metric (11) with α > 0, where we obtain an upper bound of 15. This indicates that the full conformal algebra (23)- (28) may indeed still be present, but of course does not constitute a proof of this suspicion. We will hence proceed to solve the Killing equation analytically on this background.
As a Killing vector field describes the isometries of a spacetime, it is clear that when following the flow of such a vector field, physical properties of the spacetime such as curvature scalars should not change. This means that any Killing vector needs to satisfy the condition
where R is the w and θ-dependent Ricci scalar of the metric (11). This yields a simple algebraic relation between the w and θ-components of any possible Killing field, which upon lowering the index implies the θ-component to vanish for the background (11): K θ = 0. See figure 1 for contour-plots of the Ricci-scalar.
Furthermore, we can utilise the fact that on the spacetime background (11), we already know the 10 Killing vector fields P m and M mn which form the Poincaré algebra (23), (24) . If continuous scale invariance is not broken to its discrete counterpart, there should exist a Killing vector D commuting with the P m and M mn according to (25) and [D, M mn ] = 0. As the Lie-bracket (22) does not depend on the specific metric or the connection, this condition allows us to constrain the generic form of a D-type Killing vector to
for any metric of the form (7). As said above, the two components D w and D θ can be related by equation (29) . For the remaining component, say D w , the tt-component of (21) then yields 9 There is a possible source of confusion stemming from the use of the term upper-bound here. The reader should be aware that when a metric depends on unspecified functions or parameters, the algorithm of [44] [45] [46] gives an upper bound for the number of linearly independent Killing fields for a generic choice for these functions or parameters. Upon fixing parameters or functions in a specific way, this upper bound may indeed increase. 10 By definition, Killing vector fields only describe the symmetries of the metric, it is however interesting to note that (29) is equivalent to the condition K µ ∂ µ χ = 0 with χ being given by (15) . This means that in the solution (11) , the matter fields that source the spacetime obey the same symmetries as the metric. This is in contrast to the models studied in [35] [36] [37] [38] [39] , where the metric has a conformal symmetry group which is only broken by the presence of matter fields. respectively α = 2/3 (right). P is the α-dependent period of the Jacobi elliptic functions (19) .
an algebraic equation. Furthermore, the ww, wθ and θθ-components of (21) can be combined to yield another algebraic equation for D w . This means that for a D-type Killing field on a spacetime (7), the ansatz (30) leads to an overdetermined system of algebraic equations which in general will not have a solution, i.e. continuous scale invariance will in general be broken. If it is not broken, however, the corresponding Killing field can be found by solving a set of purely algebraic equations for the components D w and D θ . In the case of the background metric (11), we indeed find the Killing field
and similarly
This proves that the metric (11) indeed retains the full conformal isometry group (23)- (28) of AdS 5 for any α, instead of breaking it down to discrete scale invariance as one might naively have expected. As can be seen in equations (31)- (33), these Killing vector fields have non-zero components in the direction ∂ θ of the extra dimension. This is reminiscent of the holographic models for systems with Galilean or Schrödinger symmetry [47, 48] . 11 Based on the presence of this isometry group, we conjecture that on the side of the assumed holographically dual field theory, the cyclic RG flow can be shown to be equivalent to a conformal fixed point by a suitable field redefinition, similar to what was done in [30, 31] .
Of course it is possible to apply the same techniques to the 9 + 1-dimensional top-down model that had also been studied in [1] . Curiously, it is then easy (albeit tedious) to show that for the parameter α = 0 12 , this spacetime does not support additional Killing vectors extending the Poincaré algebra to a conformal algebra, i.e. there is no hidden conformal symmetry present in the isometries of the top-down model of [1] . It would certainly be interesting to have a closer look at the field theory side of this model.
Discussion
What did we learn in this paper? [1] set out to formulate a bottom-up holographic model of a discretely scale invariant Poincaré invariant field theory. Generically, one would expect such a model to satisfy the following properties:
• The isometry group of the metric should combine Poincaré invariance with discrete scale invariance.
• The metric should be sourced, via Einstein's equations, by a matter distribution which satisfies the NEC.
• The system should be (at the very least perturbatively) stable.
11 Another important observation is that the Killing fields (31)-(33) can be defined globally. As said above, the θ-direction is assumed to be identified periodically (θ ∼ θ + 2π), so if the solutions to the Killing equation would have yielded vector fields with a prefactor e θ , for example, such a Killing field would only be defined locally, but globally it would not be possible to fix its norm. Such local Killing fields exist for example in the BTZ spacetime [49, 50] which is locally AdS (and hence posesses 6 local Killing fields), but only two Killing fields can be defined globally.
12 And under the assumption that the Killing vectors forming the isometry algebra (23)- (28) should commute with the left-over Killing vectors of the deformed S 5 .
It was shown in [1] that the solution (11) satisfies these requirements. In addition to this, the following statements hold:
• The metric is sourced, via Einstein's equations, by only one real scalar field (equation (10)) [1] .
• The Weyl tensor vanishes identically.
Furthermore, it was the main point of this paper to prove that the following is true:
• The system exhibits a hidden conformal isometry group (23)- (28) due to the existence of the Killing vector fields (31)-(33).
13
It would be interesting to find out whether this last point follows mathematically from one or more of the other points, or whether it is possible to construct a holographic bottom-up model satisfying at least the first three requirements without a hidden conformal symmetry. We will leave this as an interesting problem for future research.
There are two important questions of recent interest to the holography community that appear to be related to the quest for a holographic model of discretely scale invariant systems. Firstly, as discussed above the compact extra dimension introduced in the ansatz (7) is stabilised by the flux of the axion-like scalar field χ in the solution (11) . However, in the non-supersymmetric case, the possible stability of such spacetimes has been called into question recently [51] . Hence, in investigations of bulk models that (may) allow for cyclic RG flows, the issue of stability will be of particular relevance. It may be worthwhile to revisit the top-down model of [1] in this context.
Secondly, there have been attempts to find holographic models in which Poincaré invariance is combined with scale invariance but not full conformal invariance, i.e. in which only the algebra (23)- (25) holds, without the generators K m of special conformal transformations [35] [36] [37] [38] [39] 52] 14 . Although in these papers the point has been made that this should not be possible in holography 15 , it would be interesting to find out whether an ansatz of the form (7) can help to evade this no-go theorem, just like it helped to evade the no-go theorem for discrete scale invariance based on the c-theorem in section 1. This would lead to the question whether there can be solutions with a metric of the form (7), satisfying the above mentioned physicality requirements, in which an additional D-type Killing vector (30) exists, but no additional Ktype Killing vectors. In section 3, we have seen that on a spacetime with metric (7), any Killing vector D that fits together with the Poincaré algebra according to (23) - (25) has to have the form (30) . In general, there will be no such Killing vector, but let us make the assumption that a Killing vector of the form (30) does exist on some metric of the form (7) . Does this assumption imply the presence of four additional Killing vectors K m ? Based on the algebra 13 A search for higher Killing-Yano-forms along the lines of [44] [45] [46] is left for the future.
14 See also [53] for related work. 15 See also [30, 31] for field theory arguments. 
The assumption that D (equation (30) 
Again, this deceptively simple set of equations (35)- (37) for the function K(w, θ) seems to be overdetermined: There may not be a solution in general, but if there is a solution, it can be found by combining the equations into an algebraic equation for K(w, θ), and solving it. The mere existence of a Killing vector D (equation (30)) does not appear in any obvious way to be sufficient to infer that K 0 (equation (34) ) is also automatically a Killing vector (i.e. that equations (35)-(37) can be satisfied). It would be interesting to find out precisely under which assumptions the one implies the other. We will leave these interesting questions for future research.
